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The magnetic properties of Cs2Cu3CeF12 were investigated through magnetization and specific
heat measurements. Cs2Cu3CeF12 is composed of a buckled kagome lattice of Cu
2+, which is stacked
along the b axis. The exchange network in the buckled kagome lattice is strongly anisotropic. Con-
sequently, Cs2Cu3CeF12 can be divided into two subsystems: alternating Heisenberg chains with
strong antiferromagnetic exchange interactions and dangling spins. The dangling spins couple with
one another via effective exchange interactions, which are mediated by chain spins. The dangling
spins are further divided into two subsystems, DS1 and DS2. The dangling spins in DS1 undergo
three-dimensional ferromagnetic ordering at 3.14 K, while those in DS2 remain paramagnetic down
to 0.35 K. The effective interaction between the DS1 spins is approximately expressed by the ferro-
magnetic XXZ model with the z direction parallel to the crystallographic c axis. A magnetic phase
diagram for H ‖ c was obtained and was analyzed within the framework of the molecular field ap-
proximation. With increasing magnetic field, the dangling spins are polarized and the magnetization
curve exhibits a wide plateau at one-third of the saturation magnetization.
PACS numbers: 75.10.Jm; 75.40.Cx
I. INTRODUCTION
Quantum kagome-lattice antiferromagnets (KLAFs)
are at the frontier of research on magnetism.1 For the last
two decades, the natures of the ground state and excita-
tions for spin-1/2 Heisenberg KLAFs have been actively
studied theoretically.2–9 It was demonstrated that the
interplay between spin frustration and strong quantum
fluctuation leads to a disordered ground state. However,
its nature is still unresolved. A valence-bond solid (VBS)
described by a periodic arrangement of singlets,10–13 a
resonating valence-bond (RVB) state given by a linear
combination of various configurations of singlets 14,15 and
a gapless critical spin liquid 16,17 have been proposed as
the ground state of spin-1/2 Heisenberg KLAFs.
Experimental studies on spin-1/2 kagome antiferro-
magnets have been performed on several materials. The
hexagonal A2Cu3MF12 family with A = Cs and Rb and
M = Zr, Hf and Sn is a promising candidate of quantum
KLAFs because fairly large high-quality single crystals
can be obtained,18–22 which enable microscopic studies to
be carried out. A gapped singlet ground state composed
of a pinwheel VBS was observed in Rb2Cu3SnF12.
20–22
A magnetic susceptibility close to the theoretical suscep-
tibility was also observed in the paramagnetic phase of
Cs2Cu3SnF12.
21
This paper deals with the unusual magnetic ordering
observed in Cs2Cu3CeF12, which is composed of buck-
led kagome layers of Cu2+. Cs2Cu3CeF12 was synthe-
sized in the process of developing the above-mentioned
A2Cu3MF12 kagome family. The crystal structure of
Cs2Cu3CeF12 is orthorhombic, Pnnm.
23 Figures 1(a)
and (b) show the crystal structures of Cs2Cu3CeF12
viewed along the b axis and c axis, respectively. All Cu2+
ions are surrounded octahedrally by six F− ions. Because
of the Jahn-Teller effect, the CuF6 octahedra centered at
Cu(2) and Cu(3) are elongated along one of the principal
axes, while those centered at Cu(1) are compressed. Con-
sequently, the orbital ground state for Cu(2) and Cu(3)
is d(x2− y2), while that for Cu(1) is d(3z2− r2). Cu2+
ions form a spatially anisotropic kagome lattice in the
ac plane, which is buckled and has the appearance of a
staircase, as shown in Fig. 1(b).
Figure 2(a) shows the exchange network on the buck-
led kagome lattice. The spatial anisotropy in the
kagome lattice produces inequivalent spin sites. There
are four types of neighboring exchange interaction,
J1− J4. Because the hole orbitals d(x2− y2) of Cu(2)
ions are linked through p orbitals of F− ions along
the c axis and the Cu(2)−F−Cu(2) bond angle is ap-
proximately 149◦, the exchange interactions J1 and J2
between Cu(2) ions are antiferromagnetic and strong,
J1/kB' J2/kB∼ 300 K.20,21,23 Because the Cu(2)−Cu(2)
distance alternates slightly along the c axis, the exchange
interactions J1 and J2 are alternating. The magnitude of
J2 has been estimated to be approximately J2/J1' 0.9.23
The exchange interactions J3 and J4 are much smaller
than J1 and J2 because the hole orbitals of Cu(1) and
Cu(3) ions are not directly linked to those of Cu(2) ions
through p orbitals of F− ions. Therefore, Cs2Cu3CeF12
is described as a strongly spatially anisotropic spin-1/2
Heisenberg-like KLAF, which can be divided into two
subsystems: weakly alternating Heisenberg chains with
strong antiferromagnetic exchange interactions and dan-
gling spins. Because the dangling spins undergo three-
dimensional (3D) ordering as shown later, the interlayer
interactions J ′3 and J
′
4 are necessary.
The ground state for spatially anisotropic KLAFs has
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FIG. 1: (Color online) Crystal structure of Cs2Cu3CeF12
viewed (a) along the b axis and (b) along the c axis. Shaded
octahedra represent CuF6 octahedra. Dotted lines denote the
chemical unit cell. Cu2+ ions form a buckled kagome lattice
in the ac plane.
been discussed theoretically.24–28 When the exchange
network becomes anisotropic, the spin frustration may
be reduced. However, such a spatially anisotropic model
will be useful for obtaining a deep understanding of the
quantum effect in KLAFs. Some unusual ground states
have been predicted for extremely anisotropic cases.26–28
It was also found in the spin-1/2 triangular-lattice an-
tiferromagnet Cs2CuBr4 that spatial anisotropy in the
exchange interactions enhances the frustration effect and
leads to many quantum states in magnetic fields includ-
ing magnetization plateaus at one-third and two-thirds
of the saturation magnetization.29–32
In our previous paper,23 we briefly reported the crystal
structure and magnetic properties of Cs2Cu3CeF12. In
this paper, we report the results of magnetization and
specific heat measurements in detail and discuss the 3D
ordering of the dangling spins. As shown below, it was
found that the dangling spins are further divided into
two subsystems, one of which undergoes 3D ordering at
3.1 K, while the other remains paramagnetic down to 0.35
K. The effective exchange interaction that gives rise to
the 3D ordering is described by the spin-1/2 ferromag-
netic XXZ model with the z direction parallel to the c
axis, and the 3D ordering of dangling spins for a mag-
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FIG. 2: (Color online) (a) Exchange network on the buckled
kagome lattice parallel to the ac plane in Cs2Cu3CeF12. (b)
Interlayer exchange interactions J ′3 and J
′
4 (dashed lines), and
effective exchange interactions between dangling spins J1(11),
J1(33) and J1(13) (double-headed arrows). Dotted lines de-
note the chemical unit cell.
netic field parallel to the c axis can be understood as the
Bose-Einstein condensation (BEC) of lattice bosons, as
discussed by Matsubara and Matsuda.33
This paper is organized as follows: the experimental
procedure is given in section II. The results of magneti-
zation and specific heat measurements and their analyses
are shown in section III. In section IV, we discuss the or-
dering of dangling spins in a magnetic field. Section V is
devoted to a conclusion.
II. EXPERIMENTS
Cs2Cu3CeF12 single crystals were grown from a melt of
CsF, CuF2 and CeF4. The materials were dehydrated by
heating in vacuum at 60− 100◦C and were packed into a
Pt tube in the ratio of 3 : 3 : 2. One end of the Pt tube was
welded and the other end was tightly folded with pliers.
The Pt tube was placed about 10 cm from the center of
a horizontal furnace to induce a temperature gradient in
the tube. The temperature of the furnace was increased
to 750◦C in 15 h then lowered from 750 to 500◦C over
3four days. Transparent light-blue crystals having a long
platelet-like shape with a wide (1, 0, 0) plane were ob-
tained. From X-ray diffraction measurements, the long
direction was found to be parallel to the c axis.
Magnetization was measured in the temperature range
of 1.8− 400 K using a SQUID magnetometer (Quan-
tum Design MPMS XL). The specific heat was mea-
sured by the relaxation method in the temperature range
of 0.35− 200 K using a Physical Property Measurement
System (Quantum Design PPMS). High-field magnetiza-
tion measurement in magnetic fields of up to 54 T was
performed using an induction method with a multilayer
pulse magnet at the Institute for Solid State Physics,
University of Tokyo.
III. RESULTS AND ANALYSES
In Fig. 3, we show the temperature dependence of mag-
netic susceptibility in Cs2Cu3CeF12 measured at 1.0 T
for H ‖ a. The magnetic susceptibility above 200 K obeys
the Curie-Weiss law with the Weiss constant Θ' − 250
K, which is clearly seen in the inverse susceptibility vs
temperature shown in Fig. 2 of our previous paper.23
This large Weiss constant arises from the spin chains
with strong antiferromagnetic exchange interactions J1
and J2. The rapid increase in the magnetic susceptibility
below 100 K is attributed to the paramagnetic suscepti-
bility of the dangling spins, which are weakly coupled
to the chain spins through J3 and J4 and also through
interlayer exchange interactions J ′3 and J
′
4 as shown in
Fig. 2(b). The interlayer interactions are essential for dis-
cussing the magnetic ordering of the dangling spins. The
analysis of the high-temperature susceptibility is given
below.
The inset of Fig. 3 shows the low-temperature mag-
netizations measured at H = 30 Oe for H ‖ a, b and c.
The magnetization exhibits a sharp increase between 3.5
and 3 K and becomes almost constant for H ‖ a and b,
while for H ‖ c, the magnetization exhibits cusplike peak
at TC' 3.2 K. This indicates the occurrence of ferro-
magnetic ordering at TC.
23 The Curie temperature was
determined as TC = 3.14 K by the present specific heat
measurements. The details of the low-temperature mag-
netization in various magnetic fields are shown later.
Figure 4 shows the magnetization curve measured in a
pulsed high magnetic field at 1.3 K for H ‖ a. The data
were collected during the downsweeping of the magnetic
field. The absolute value of magnetization was corrected
using the magnetization measured at 1.8 K in a static
magnetic field. The correction was made by adding a
constant value. Because the magnetization near H ' 0
increases very rapidly with increasing magnetic field,
dM/dH exhibits a δ-function-like anomaly near H ' 0.
This leads to an error of a constant value in the magne-
tization.
The magnetization for H ‖ a exhibits a plateau at one-
third of the saturation magnetization. We also confirmed
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FIG. 3: (Color online) Temperature dependences of magnetic
susceptibility in Cs2Cu3CeF12 measured at 1.0 T for H ‖ a.
Solid line is the fit given by eqs. (3)−(5) with the exchange
parameters and g factors given in the text. The inset shows
the low-temperature magnetizations measured at 30 Oe for
H ‖ a, b and c. The double-headed arrow indicates the Curie
temperature TC = 3.14 K.
that the magnetization displays the 1/3-plateau for H ‖ b
and c, using a SQUID magnetometer. Because the num-
bers of chain spins and dangling spins are in the ratio of
2 : 1, we can deduce that this magnetization plateau arises
from the full polarization of the weakly coupled dangling
spins. It is considered that in the 1/3-plateau state, the
chain spins are in a gapped singlet state. The 1/3-plateau
state is robust and continues to exist below 54 T. From
these observations, we can conclude that the magnetic
phase transition at TC = 3.14 K arises from the ferro-
magnetic long-range order of the dangling spins. The
origin of the ferromagnetic exchange interaction between
dangling spins is discussed later.
Figure 5 shows the total specific heat measured at zero
magnetic field and at various large magnetic fields for
H ‖ a. With decreasing temperature, the specific heat
for H = 0 has a minimum at 1.7 K after exhibiting the
λ-anomaly at TC = 3.14 K then increases rapidly with a
tendency to diverge. At H = 1 T, the specific heat ex-
hibits a rounded peak at Tmax' 1 K. The temperature
Tmax giving the rounded peak increases with increasing
external magnetic field. This behavior is characteristic
of the specific heat for nearly isolated spins. From these
observations, we can deduce that part of the dangling
spins (DS1) take part in the magnetic ordering at TC
and the remainder of the dangling spins (DS2) are still
paramagnetic below TC.
To estimate the fraction of the paramagnetic spins, we
evaluate the low-temperature entropy for H = 0. Fig-
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FIG. 4: (Color online) Magnetization curve for H ‖ a mea-
sured at 1.3 K in pulsed high magnetic field. The inset shows
the hysteresis of the magnetization curve for H ‖ a measured
at 1.8 K using a SQUID magnetometer.
4
3
2
1
0
C
 [J
/(K
 m
ol
)]
543210
T [K]
  H // a
 0 T
 1 T
 2 T
 3 T
 6 T
 9 T
Cs2Cu3CeF12
FIG. 5: (Color online) Specific heat measured at zero mag-
netic field and at various large magnetic fields for H ‖ a.
ure 6 shows C/T vs T for H = 0 and 1 T. For zero mag-
netic field, C/T increases rapidly below 1 K, and thus,
the large entropy remains below the lowest experimen-
tal temperature of 0.36 K. For H = 1 T, C/T exhibits a
rounded maximum at 0.7 K and decreases rapidly with
decreasing temperature, which shows that little entropy
remains below the lowest experimental temperature of
0.45 K. Thus, total entropy for H = 1 T approximates
S1(T ) =
∫ T
0.45K
C(1 T)
T
dt. (1)
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FIG. 6: (Color online) Entropy and C/T vs temperature mea-
sured at H = 0 and 1 T for H ‖ a. Thick dotted line indicates
the estimated entropy for H = 0. For the definitions of S0 and
S1 shown by thin solid lines, see text.
We define S0(T ) for H = 0 as
S0(T ) =
∫ T
0.36K
C(0 T)
T
dt. (2)
Thin solid and dashed lines in Fig. 6 denote S0(T ) and
S1(T ), respectively. The difference between S1(T ) and
S0(T ) becomes constant at high temperatures, which is
given by ∆S' 1.28 J/(K mol). The ∆S should be close
to the entropy below 0.36 K for H = 0. Thus, the to-
tal entropy for H = 0 is estimated as S(T ) =S0(T ) + ∆S,
which is shown by thick dotted line in Fig. 6. The en-
tropy SDS2 of the paramagnetic DS2 spins for T →∞
will be roughly given by S(T = 2 K), because below 2
K, the lattice contribution to the specific heat is negli-
gible and the entropy of the ordered DS1 spins and the
chain spins is much smaller than SDS2. Therefore, we
can estimate the entropy of the paramagnetic DS2 spins
as SDS2' 3.0 J/(K mol)' (1/2)R ln 2. Because one molar
Cs2Cu3CeF12 contains three molar Cu
2+ ions, this result
means that one-half of the dangling spins are the para-
magnetic DS2 spins. Because the Cu(1) and Cu(3) sites
are magnetically different, it is natural to consider that
the spins on either the Cu(1) site or Cu(3) site should be
DS1 spins.
Next we reevaluated the individual exchange param-
eters from the magnetic susceptibility data shown in
Fig. 3. Applying the mean field approximation to the
exchange interactions between chain spins and dangling
spins, we express the magnetic susceptibilities of chain
5spins and dangling spins as
χch = χ
0
ch
1− 6
Ngchgdµ2B
(
J˜3χ
0
d1 + J˜4χ
0
d3
)
1− 36χ
0
ch
Ng2chg
2
dµ
4
B
(
J˜23χ
0
d1 + J˜
2
4χ
0
d3
) , (3)
χd1 = χ
0
d1
(
1− 6J˜3
Ngchgdµ2B
χch
)
, (4)
χd3 = χ
0
d3
(
1− 6J˜4
Ngchgdµ2B
χch
)
, (5)
where N is the total number of spins, J˜3 = J3 + J
′
3 and
J˜4 = J4 + J
′
4, where J
′
3 and J
′
4 are the interlayer exchange
interactions between chain spins and dangling spins on
Cu(1) and Cu(3), respectively, as shown in Fig. 2(b). gch
and gd are the g factors of the chain spins and dangling
spins, respectively. Here we assume that the g factors
of spins on the Cu(1) and Cu(3) sites are the same for
simplification. χ0ch is the magnetic susceptibility of the
S= 1/2 alternating antiferromagnetic Heisenberg chain,
whose analytical form is given in the literature.34 χ0d1 and
χ0d3 are the magnetic susceptibilities of the dangling spins
on the Cu(1) and Cu(3) sites, respectively, which are as-
sumed to obey the Curie-Weiss law χ0di =Ci/(T−Θi). As
discussed in the next section, the origin of the Weiss con-
stant Θi is considered to be an effective exchange interac-
tion between dangling spins mediated by the chain spins,
which causes the ferromagnetic ordering of the dangling
spins.
The total magnetic susceptibility χ is given by
χ = χch + χd1 + χd3. Fitting eqs. (3)− (5) to the
experimental susceptibility for 50 ≤ T ≤ 350 K, we
obtain J1/kB = 322 K, J2/kB = 284 K, J˜3,4/kB = 91 K,
J˜4,3/kB = 103 K, Θ1,3 = 12.3 K, Θ3,1 = 9.6 K, gch = 2.44
and gd = 2.23. Since the J˜3 and J˜4 interactions are sym-
metric in eqs. (3)− (5), we cannot determine which is
larger in the present analysis. The solid line in Fig. 3
shows the susceptibility calculated with these parame-
ters. It can be seen that most of the exchange interac-
tions are antiferromagnetic. As expected from the crystal
structure, the obtained exchange constants J1 and J2 are
about three times as large as J˜3 and J˜4 and are similar
to each other, i.e., α= J2/J1 = 0.88. In Cs2Cu3CeF12,
Cu(2)−F−Cu(2) bond angle θ for the J1 and J2 in-
teractions is approximately θ= 149◦.23 The magnitude
of the antiferromagnetic exchange interaction increases
with increasing the bond angle θ. Hence, the magni-
tudes of J1 and J2 interactions evaluated by this analysis
are valid from the fact that J/kB = 240 K and θ= 140
◦
in Cs2Cu3SnF12,
21 and J/kB = 390 K and θ= 180
◦ in
KCuF3.
36
The excitation gap of S= 1/2 alternating Heisenberg
antiferromagnetic chain is parameterized well as
∆(α) =J1(1−α)3/4(1 +α)1/4, (6)
for 0 ≤ α ≤ 0.9.35 Substituting J1/kB = 322 K and
α= 0.88 into eq. (6), we obtain the gap of the iso-
lated spin chain in Cs2Cu3CeF12 as ∆/kB = 77 K. In
Cs2Cu3CeF12, the chain spins are also subjected to the
mean field from the dangling spins. Therefore, within the
mean field approximation, the critical field Hc at which
the gap of the spin chain closes is given by
Hc =
1
gchµB
{
∆ +
1
2
(J3 + J
′
3 + J4 + J
′
4)
}
. (7)
Substituting magnetic parameters obtained by the
present analysis into eq. (7), we estimate the critical field
to be Hc = 106 T, which is twice as large as the highest
magnetic field of 54 T in the present experiment.
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FIG. 7: (Color online) Low-temperature magnetization di-
vided by magnetic field M/H at various magnetic fields for
(a) H ‖ a and (b) H ‖ b.
From the sign and magnitude of the Weiss con-
stants Θi, we see that the effective exchange interac-
tion between dangling spins is ferromagnetic, and that
Θi∼ (J¯d)2/(kBJ¯ch)' 8 K, where J¯ch = (J1 + J2)/2 and
J¯d = (J3 + J
′
3 + J4 + J
′
4)/4. Because one-half of the dan-
gling spins are paramagnetic, either of the Weiss con-
stants Θi should be close to zero. However, both are the
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FIG. 8: (Color online) Low-temperature magnetization di-
vided by magnetic field M/H at various magnetic fields for
H ‖ c. The values of magnetic susceptibility are shifted up-
ward by 0.5 emu/mol with decreasing external field. Arrows
denote the transition temperature TC.
same order in magnitude. This failure is considered to
arise from the poor accuracy of the present mean field
approximation at low temperatures.
Figures 7 and 8 show the temperature dependences
of M/H measured at various low magnetic fields for
H ‖ a, b and H ‖ c, respectively. With the exception of
the magnitude, values of M/H for H ‖ a and b exhibit
similar temperature dependences. With increasing tem-
perature, M/H for H = 30 Oe exhibits a sharp increase
near TC = 3.14 K and becomes almost constant. How-
ever, with increasing external magnetic field, the increase
in M/H around 3 K becomes slow. This indicates that
the magnetic ordering undergoes smearing in magnetic
fields for H ‖ a and b. In contrast to the results for H ‖ a
and b, M/H for H ‖ c exhibits a cusplike maximum in-
dicative of magnetic ordering. The temperature giving
the maximum magnetization decreases with increasing
external magnetic field. This means that the magnetic
ordering can be defined even in low magnetic fields for
H ‖ c. We refer to the temperature giving the maximum
magnetization as the transition temperature TC. The de-
pendence of TC on the magnetic field for H ‖ c is shown
in Fig. 9.
Figure 10 shows magnetization curves measured at
1.8 K for H ‖ a, b and c. The magnetization for H ‖ a
and b exhibits similar dependence on the magnetic field,
which is different from that for H ‖ c. The magnetiza-
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FIG. 9: (Color online) Transition temperature TC obtained
from magnetization and specific heat measurements at various
magnetic fields for H ‖ c. The solid line denotes the phase
boundary calculated using eq. (9) with TC(0) = 3.14 K and
Hc = 710 Oe.
tion curves for H ‖ a and b display a bending anomaly
at Hc' 100 Oe, while for H ‖ c, the bending anomaly
occurs at Hc' 650 Oe. The magnetization curve for
H ‖ a displays hysteresis with a small residual moment
of 1× 10−2 µB/Cu2+, as shown in the inset of Fig. 4.
The magnetization hysteresis was also observed for H ‖ b,
while for H ‖ c, little hysteresis was observed. Because
the sample has a long platelet-like shape with the long
axis parallel to the c axis, the internal magnetic fields for
H ‖ a and b are reduced by the demagnetizing field, while
the internal field for H ‖ c is not reduced.
From these magnetization curves, it can be seen that
ferromagnetically ordered moments lie in the ab plane at
zero magnetic field, and that for H ‖ c, the ordered mo-
ments cant from the ab plane toward the c axis. The
canting angle increases with increasing magnetic field,
which causes the slope in the magnetization curve below
Hc for H ‖ c. The transition at Hc is interpreted as the
transition from a canted ferromagnetic state to the fully
polarized state for the ordered dangling DS1 spins. From
the temperature and magnetic-field dependences of the
magnetization, we can deduce that the effective model
for the DS1 spins is approximately described by the fer-
romagnetic XXZ model with easy-plane anisotropy.
From the magnetizations above Hc, it can be seen that
the g factor for the dangling DS1 spins is largest when
H ‖ c. For the elongated CuF6 octahedron, the g fac-
tor is largest when the magnetic field is parallel to the
elongated axis, while for the compressed octahedron, the
g factor is largest when the magnetic field is perpendic-
ular to the compressed axis.37 The octahedra centered
by Cu(1) and Cu(3) are compressed and elongated, re-
spectively, and their compressed and elongated axes are
perpendicular to the c axis. Consequently, when H ‖ c,
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FIG. 10: (Color online) Magnetization curves measured at 1.8
K for external field parallel to the a, b and c axes.
the g factor for Cu(1) becomes largest, while for Cu(3),
the g factor becomes smallest. Thus, we infer that the
spin of Cu(1) is the dangling DS1 spin.
Figures 11 and 12 respectively show the low-
temperature specific heat for H ‖ a and c measured at
various magnetic fields. For H ‖ a, the sharp λ-like
anomaly observed at TC = 3.14 K is rapidly smeared with
increasing external magnetic field for H ≥ 80 Oe. This
indicates that the ferromagnetic transition at zero mag-
netic field changes to a crossover in a finite magnetic
field for H ≥ 80 Oe. When the magnetic field is parallel
to the c axis, the λ-like anomaly indicative of magnetic
ordering shifts toward the low-temperature side with in-
creasing magnetic field, as observed in the magnetization
measurements. The transition data for H ‖ c are plotted
in Fig. 9 together with those obtained from magnetiza-
tion measurements. The transition points obtained from
the magnetization and specific heat measurements are
consistent with each other. The peak height of the λ-
like anomaly becomes smaller with increasing magnetic
field. This is because the transverse magnetic moment
m⊥, which corresponds to the order parameter, decreases
with increasing magnetic field.
IV. DISCUSSION
The ground state for a spin-1/2 Heisenberg antifer-
romagnet on an extremely spatially anisotropic kagome
lattice, which corresponds to the case of J1 = J2 = J ,
J3 = J4 = J
′ and J J ′ in Fig. 2(a), was discussed by
Schnyder et al.28 They argued that the ferromagnetic and
antiferromagnetic effective exchange interactions J1 and
J2 mediated by the chain spins act between neighboring
dangling spins located on both sides of the chain spins
and between those located along the c axis, respectively.
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FIG. 11: (Color online) Low-temperature specific heat mea-
sured at various magnetic fields for H ‖ a. The values of spe-
cific heat are shifted upward by 0.1 J/(K mol) with decreasing
external field.
The magnitudes of J1 and J2 are of the order of (J ′)2/J ,
and J2/|J1| ' 0.70, which lead to a spiral spin structure
of chain and dangling spins. This mechanism of effective
interactions between dangling spins should be applicable
to Cs2Cu3CeF12. However, the analytical form of the ef-
fective exchange interaction in Cs2Cu3CeF12 should be
different from that for the uniform chain case discussed
by Schnyder et al.28, because there is a finite gap in the
excitation of chain spins, which arises from the exchange
alternation along the chain; J2/J1 = 0.88. Note that the
gap ∆ (= 77 K) is much smaller than J1 and J2 (' 300 K).
Because Θi∼ (J¯d)2/(kBJ¯ch)∼TC as shown in the previ-
ous section, we infer that the magnitude of the effective
exchange interaction mediated by the chain spins is or-
der of (J¯d)
2/(kBJ¯ch), and that the magnetic ordering of
the dangling spins is attributed to the effective exchange
interaction. Because of the excitation gap in the chain
spins, the effective exchange interaction J2 mediated by
two chain spins should be less effective in Cs2Cu3CeF12.
As illustrated in the exchange network shown in
Fig. 2(b), dangling spins on Cu(1) and Cu(3) couple to
chain spins via J3 and J
′
3, and J4 and J
′
4, respectively.
The interlayer interaction J ′3 or J
′
4 is necessary for the 3D
ordering of dangling spins. From the analysis of magnetic
susceptibility described in the previous section, most of
these exchange interactions are considered to be antifer-
romagnetic. There are three nearest-neighbor effective
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FIG. 12: (Color online) Low-temperature specific heat mea-
sured at various magnetic fields for H ‖ c. The values of spe-
cific heat are shifted upward by 0.1 J/(K mol) with decreasing
external field.
exchange interactions mediated by one chain spin: J1(11)
between the spins on Cu(1) via J3 and J
′
3, J1(33) between
the spins on Cu(3) via J4 and J
′
4, and J1(13) between
the spins on Cu(1) and Cu(3) via J3 and J4. Because
it is considered that the spins on Cu(1) (DS1) undergo
3D ferromagnetic ordering, the effective exchange inter-
action J1(11) should be ferromagnetic. This means that
the J3 and J
′
3 interactions are both antiferromagnetic be-
cause J1(11) is proportional to J3J ′3. As shown in the
previous section, the spins on Cu(3) (DS2) behave as free
spins. This indicates that the mean field acting on the
DS2 spins vanishes. We infer that the effective exchange
interaction J1(33) is antiferromagnetic and cancels out
the ferromagnetic effective exchange interaction J1(13).
Such a condition can be realized when the exchange in-
teractions J4 and J
′
4 are antiferromagnetic and ferromag-
netic, respectively.
The effective exchange interaction J1(11) gives rise to
the 3D ordering of the DS1 spins. As shown in the pre-
vious section, the effective exchange interaction between
the DS1 spins is described by the spin-1/2 ferromagnetic
XXZ model. Therefore, in a magnetic field parallel to
the c axis, the effective Hamiltonian for the DS1 spins
should be expressed as
H = −
∑
〈i,j〉
{
J⊥ij (Sxi Sxj + Syi Syj ) + J ‖ijSzi Szj
}
− gµBH
∑
i
Szi , (8)
where J⊥ij and J ‖ij are the xy and z components of the
effective exchange interaction J1(11), respectively, and
J⊥ij > J ‖ij > 0. This model given by eq. (8) was dis-
cussed by Matsubara and Matsuda,33 and was shown to
be equivalent to a system of interacting lattice bosons.
When J⊥ij > J ‖ij , a phase transition can occur in a mag-
netic field. At zero magnetic field the ordered moment
m lies in the xy plane. With increasing magnetic field,
the ordered moment inclines toward the magnetic field.
The xy component of the ordered moment m gives the
order parameter.
In the molecular field approximation,33 the relation be-
tween the transition temperature Tc(H) in a magnetic
field H and the reduced magnetization mz = 2〈Sz〉 is
given by
mz = tanh
{
TC(0)
TC(H)
mz
}
, (9)
where TC(0) is the transition temperature at zero mag-
netic field. In the ordered state for H ‖ c, the magneti-
zation is proportional to H, as shown in Fig. 10. Thus,
within the framework of the molecular field approxima-
tion, the relation between the magnetic field and TC(H)
is given by replacing mz with H/Hc in eq. (9), where Hc
is the saturation field at T = 0. The solid line in Fig. 9 in-
dicates the phase boundary calculated using eq. (9) with
TC(0) = 3.14 K and Hc = 710 Oe. The experimental and
theoretical phase boundaries are in good agreement.
As shown in Fig. 8, the magnetization for H ‖ c ex-
hibits a cusplike maximum at the transition temperature
TC(H) and decreases below TC(H). This behavior can-
not be explained in terms of the molecular field approx-
imation, for which the magnetization is constant below
TC(H).
33 Matsubara and Matsuda33 demonstrated that
the system of interacting lattice bosons can be mapped
onto the spin model given by eq. (8), and that the mag-
netic ordering of the spin model is equivalent to the Bose-
Einstein condensation (BEC) of the lattice bosons. The
magnetization is related to the density of the bosons ρ as
mz = 2ρ− 1, and the magnetic field corresponds to the
chemical potential of the bosons. Because the density of
the bosons is larger than 1/2 at a finite magnetic field, it
is convenient to consider the holes instead of the bosons.
The density of the holes ρ′ is related to the magnetiza-
tion as mz = 1− 2ρ′. The density of the holes exhibits a
cusplike minimum at TC(H) because the magnetization
has a cusplike maximum. The cusplike minimum of the
density at the BEC transition is characteristic of inter-
acting dilute bosons at a constant chemical potential.38,39
The temperature dependence of the density of the holes
9is explained as follows: above the BEC transition tem-
perature TC(H), the number of thermally excited holes
decreases with decreasing temperature. At TC(H), the
BEC of holes occurs and the number of condensed holes
increases below TC(H) with decreasing temperature. The
increase in the number of condensed holes surpasses the
decrease in the number of thermally excited holes.38,39
For this reason, the density of holes has a minimum at
TC(H), which leads to the cusplike maximum of the mag-
netization. The temperature dependence of the magne-
tization observed at a low magnetic field for H ‖ c is un-
derstandable in terms of the temperature variation of the
density of lattice bosons.
V. CONCLUSION
We have reported the results of magnetization and
specific heat measurements on Cs2Cu3CeF12, which is
magnetically described as a spin-1/2 spatially anisotropic
stacked kagome-lattice antiferromagnet. From the exper-
imental results and their analyses, we found the follow-
ing. Owing to its strongly spatially anisotropic kagome
lattice, Cs2Cu3CeF12 can be subdivided into alternating-
exchange chains and dangling spins. The dangling spins
are further divided into two subsystems DS1 and DS2.
The dangling spins in DS1 undergo ferromagnetic order-
ing at 3.14 K at zero magnetic field, while those in DS2 re-
main paramagnetic down to 0.35 K. It is considered that
he ferromagnetic ordering of the dangling spins in DS1
arises from the effective 3D ferromagnetic exchange in-
teraction mediated by the chain spins. This effective ex-
change interaction is expressed by the XXZ model with
the easy-axis anisotropy, where the z direction is parallel
to the crystallographic c axis. For H ‖ z, this model is
equivalent to the system of interacting lattice bosons.33
The magnetic ordering in Cs2Cu3CeF12 for H ‖ c can be
defined even in magnetic fields. Within the molecular
field approximation to the XXZ model, the magnetic
field dependence of the ordering temperature of the dan-
gling spins in DS1 observed for H ‖ c can be explained,
while the cusplike maximum magnetization at the tran-
sition temperature cannot be explained. However, this
magnetization behavior is qualitatively understandable
in terms of the BEC of interacting lattice bosons.
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